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AN ASYMPTOTIC FORMULA FOR THE ZEROS OF THE 
DEFORMED EXPONENTIAL FUNCTION 

CHENG ZHANG 


Abstract. We study the asymptotic representation for the zeros of the deformed 
exponential function q G (0,1). Indeed, we obtain an asymp¬ 

totic formula for these zeros: 

Xn = + g{q)n~^ + o(n“^)), n > 1, 

where g{q) = <x{k)q^ is the generating function of the sum-of-divisors func¬ 

tion a{k). This improves earlier results by Langley [3] and Liu[l]. The proof of 
this formula is reduced to estimating the sum of an alternating series, where the 
Jacobi’s triple product identity plays a key role. 


Introduction 

In this paper, we are interested in the deformed exponential function 

oo ^ 

(0.1) /(n = V^A”-‘A 0<J<1, 

n\ 

n=0 

which is the unique entire solution to the Cauchy problem of the functional differen¬ 
tial equation 

y'{x) = y{qx), 0 < g < 1, t/(0) = 1. 

The function f{x) appears naturally and frequently in pure mathematics as well 
as statistical physics. There are still many open questions and conjectures on it, 
especially on the asymptotic formula for its zeros. Indeed, it relates closely to the 
generating function for Tutte polynomials of the complete graph in combinatorics, 
the Whittaker and Goncharov constants in complex analysis, and the partition func¬ 
tion of one-site lattice gas with fugacity x and two-particle Boltzmann weight q in 
statistical mechanics[6]. One may see more interesting applications and conjectures 
concerning this function in LiujTj and Sokal[7]. 

In 1972 Morris et al. [5] used a theorem of Laguerre to prove that /(x) has infinitely 
many real zeros and these zeros are all negative and simple. They also obtained that 

Key words and phrases. Asymptotic formula; deformed exponential function; functional differ¬ 
ential equations. 


1 



2 


CHENG ZHANG 


there is no other zero to the analytic extension (to the complex plane) of f{x) by 
using the so-called multiplier sequence (a modest gap in their proof was hlled by 
Iserles[2]). In [5] and [2], the authors put forward several conjectures on the zeros of 
/(x). They have been investigated by several authors(see [1][3][H]). Recently, more 
interesting conjectures on the asymptotic formula for the zeros were introduced by 
Sokal[7]. In [5], the author was able to show that the zeros form a strictly decreasing 
sequence of negative numbers (x„), n > 1 , such that 

( 0 . 2 ) Vi + 1 )+o(n- 2 ), n> 2 , 

Xn q\ n/ 

and 

(0.3) Xn = o(l)), n > 1, 

where 7 is some positive constant independent of n. 

In this paper, we use the power series representation of f{x) to show that the 
constant 7 = 1 in fl0.3p . The well-known Jacobi’s triple product identity plays a 
key role in the proof. Meanwhile, we obtain that the error term in fl0.3p is exactly 
0 (n“^), whose leading coefficient, as a function of q, is the generating function of 
the sum-of-divisors function in number theory. It is not difficult to see that the signs 
of the extrema of /(x) are alternating, namely (—l)"'/(x„/g) > 0 , n > 1 , which 
means that the function oscillates on the negative real axis. So we prove a corollary 
that describes the asymptotic and oscillatory behavior of the function /(x) on the 
negative real axis, where the inhnite product representation of /(x) is used. 

Theorem 1. The zeros of f{x) constitute one strictly decreasing sequence of negative 
numbers (x^), n>l, such that 

Xn = -ng^"’"(l -F g{q)n~^ + o(n“2)), 

where g{q) is the generating function ofa{k), namely 

00 

9{(l) = 

k=l 

Here a{k) is the sum of all the positive divisors of the positive integer k. 

Corollary 1. The oscillation amplitude An=\f{xnlq)\ has an asymptotic formula 

An = 

where C = C{n,q) satisfies C'i(g) < C < C 2 {q)■ Here C\ and C 2 are some positive 
numbers independent of n. 
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1. Proof of the results 


For simplicity, we set Q; = l/g>lin the proof. 

To obtain our theorem, we study the value of f{—{k + \ > 0, k > 1, 

which can be written as an alternating series 


f{-{k + \k i) = ^(-l)V 

n=0 


where 


Denote 


^ {k + \k n(2k-n-l)/2 

n\ 


Vj = U2k-j-i - Uj {0 < j < k - 1). 

At hrst, we need to hgure out some useful properties of Vj. 

Lemma 1. For any integer k > 1, we have 

Tj > 0 (0 < j < /c — 1), 

and there exists a positive integer N = N{a, A) sueh that for large k 

Vj < Vjj^i {t) < j < k — N). 


Proof. Note that 

2fc-l-2j 

Yl (j + i) < < {k + {0<j<k-l). 

i=l 


This implies 


So 




Uj < U2k-i-j (0 < j < A; - 1), 
which gives the first inequality. 

Let 

{2k-2-j)\ 


Wj = 


{j + l)\{k + Xk 


_l\2k-3-2j ■ 


0 < Wj < 1 


Then we have 
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and 

Wj+i _ {k + \k~^f ^ 

Wj (j + 2)(2/c - 2 - j) ^ 

For some positive integer N, we denote 

t = 2k — 1 — j {k + N — 1 < t < 2k — 1) 


and 

m = 1 

Direct calculation yields 


{2k - t)Wk-N _ t-k ( 1 - Wk-N \ 

{k^\k-^f “ \k^\k-^)' 


g'it) 


1 Wk-N 

{k + \k-^f 


/I — Wk-N\ 

\k+\k-^ ) 


a* ^In a 


and 

Since 0 < tCj < 1, g''{t) is decreasing for t > 0. 
When N is sufficiently large(iV > iVi(a, A)), 


g"{k + iV - 1) = [2 - Ca^-\\naf] + 0{k-^) < 0, 


and 

g'{k + N -l)=[2N -2- Ca^-^ In a] + 0{k-^) < 0 
hold for large k, where 

C = \{2N - 3) + -{N - 2){N - 1){2N - 3). 

6 

So g'{t) and g{t) are also decreasing for t > k + N — 1. 

When N is large enough(iV > N 2 {a, A)), 


g{k + N-l) 


\{2N - 1) + —{N - 1){2N - 1) - Ca^-^ 
6 


k-^ + 0{k-^) < 0 


holds for large k. So if iV > max{iVi, -A^ 2 }, we obtain for large k 
g{t) < g{k + iV — 1)<0, t > k + N — 1. 


Therefore, 

1 


(j + l)Wk-N _ k-j-1 ( 1 - Wfc-jv A 

{k + \k-^f \k + \k-^) 


(0 < j < — iV). 
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This implies 



k-j-l 


J + 1 \ 

+Afc-1 J 


Wk-N <a^ ^ ^ 


k + Xk-^ 
2k-l-j 


< j < k — N). 


Since Wj < Wj+i, we have 



k-j-l 


J + 1 \ 

k + Xk-^ J 


Wj < a 


k-j-l 


k + Xk-^ 
2k-l-j 


< j < k — N). 


It is equivalent to 


Vj < Vj+i 

which completes the proof. 


{0<j<k- N), 


□ 


To estimate the sum of the alternating series we need to use the 

Jacobi’s triple product identity. Let 

OO 

h(a) = Y1 

i=i 

and 

CX> 

i=i 

We denote their partial sums by h„(a) and Hn{a), namely 

n 

K{a) i)(-ir-v-*-«/2 

i=i 

and 

n 

Hn{a) = - l)(2j - 

j=i 

Proposition 1. (Jacobi’s triple product identity) 

OO 

h{a) = 

k=l 


Proof. See Hardy[T], Chapter 3. 


□ 


The following lemma is a simple property of the partial sums. 
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Lemma 2. For any fixed a > 1, we have h{a) > 0 and H{a) > 0. Further, there 
exists a positive integer N = N{a) such that for any integer m > N, 

-^2m— i(Q^) ^ ^ -^2m(ci) ^ -^2»n—2(®) 

^2m— i(h^) ^2m+l(Q^) ^2m(Q^) ^2m—2 (h^) 


Proof. By the Jacobi’s triple product identity above, we have h{a) > 0 and 


H{a) 


OO 

\h\a) = h(a)^ 



> 0 . 


Hence, there exists a positive integer N = N{a) such that for any integer m > 
N, both h 2 m- 2 (tt) and if 2 m-i(a) are positive. Since 0 < h 2 m- 2 (a) < h 2 m(tt) < 
h2m+l{a) < h2m-l{a) and 0 < H2m-l{oi) < H2m+l{oi) < H2m{a) < H2m-2{a) , we 
have 

dd 2 m—l(,cf) ^ hJ2m+l(Q^) ^ .^2m(Q^) ^ .^2m—2 (h^) 
h2m— i(h^) h.2m+l(c^) h2m(tt) h2m—2(0^) 

□ 


Lemma 3. Suppose Xh{a) — H{a) ^ 0. Let 

in[X) = -(n + A/n)a"“b 

Then for large n, 

i-ir[Xh{a)-H{a)]f{fn)>0. 

Proof. Fix an integer j > 0. Then direct calculation shows, for large k 


Vk-i 


{k + Xk 


-l\k+j-3 r 


(2j-l)A + ^(j-l)(2j-l) + 0(fc-i) 
0 


a 


{k+j-l)(k-j)/2 


{k + j-l)\ 

By Lemma [T] there exists a positive integer A^i = iVi(a, A) such that 

Vk-Ni > Vk-Ni-1 > ■ ■ ■ > Vq. 

If Xh{a) — H{a) < 0, by Lemma [2] there exists a positive integer N 2 {a, A) such that 
for any integers m > N 2 , Xh 2 m-i — H 2 m-i < 0 . 

Let N = max{[iVi/2], iV 2 }. Direct calculation yields 


i=i 


Note that for large k{k > K{a, A)), 

Xh2N-i ~ H 2 N -1 + 0{k < 0. 
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Hence for each k > max{2A^ + I, K}, 

2N-1 

< 0 
i=i 


and 


So we have 


— 1 )'^ ^ < "^^- 2^-1 — Vk-2N < 0 . 

j=2N 


2k-l k 

(-i)‘ «„(-!)” = < 0 , 

i=i 


n=0 


Since 


2fc-l 


Wn(-l)' 


n=0 


{k + Xk " fc(fc-i)/2 (fc + Afc ^ 

^k\ {2k)\ 


and 


U2k > 


Y1 


n=2k 


we derive 


{-l)^f{-{k + Xk-ya^-y = {-iyJ2u4-ir < 0 

n=0 

for large k. Similarly, if Xh{a) — H{a) > 0, we also have for large k 

{-l)’^f{-{k + Xk-ya’^-y > 0 , 

which completes the proof. 

Proposition 2. For any integer n > 1, we have 

Xn+l < axn < 0 . 

For large n, 

^n+l 1 I ^ I / —2\ 

-= IH-h o{n ). 

aXn n 

Proof. See Langley [3]. 

Proof of TheoremUl Set Aq = 1 + P[{a)/h{a) and 

In = (—(n + Xo/n)a'^~^, —na"'~y,n > 1. 


□ 


□ 
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Combining Lemma [3] with Proposition [2l we obtain that f{x) has precisely one root 
in the interval for large n. So the root can be written as —{n + 6n{a))a'^~^, where 
and 


lim nOr, = lim 


Hn{a) H{a) 


k 


E hj 

— 1 


Since 


n->-oo hn{a) h{a) — 1 


hi±L!^!|±^ = 1 + i + o(n-y 

-{n + 9n)a^ n 


by Proposition [2] we immediately derive that the root in the interval In is just Xn for 
large n, namely Xn = —{n + 6n)a^~^- Noting that 


k 


k=l k=l 


a 


-k 


and 1/g = a, we complete the proof. □ 

Proposition 3. The function f{x) in l[U.l\} can be factored into an infinite product 


X 

x„ 


fix )= n “ 

71=1 

where each Xn is the zero of f{x) and Xn+i < Xn < 0 
Proof. See Morris et ah j5] . 


□ 


Since fix) = f{x/a), the critical points of f{x) are axnin > 1). Note that each 
zero of /(x) is simple and Xn+i < axn < x^n > 1, then the signs of the extrema 
f{axn) are alternate, namely (—l)"/(axn) > 0. Then we can obtain an asymptotic 
formula for the oscillation amplitude of f{x) on the negative real axis by the inhnite 
product representation above. 

Proof of Corollary{l\ By Theorem [H we have 

aXn 1 


Xn+1 n + 1 


+ o(n-^), 


axr. 


Xk 


> k < n + 1 and 


aXr 


Xk 


k>n + l. 
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Let £„ = (1 + if(a)//i(a))/n. Since for large n, |x„| = (n + ^,6n = 0{n ^), 

by the Stirling’s approximation for Gamma function, we have 


|/(ax„)| = 1 - 


axr, 


^n +1 


k=l 


n ^-0 n 1- 


Xk 


k=n+2 


aXr 


Xk 


> 


> 


1 |q!X„|"' 

2n |xi • • • Xn\ 

1 1 


k=l 


n(i- ^ )n(i-“G 


aXr, 


k=l 


-Ct){af > Gin-^/2gn^n(n+l)/2 


2n Gor(n + + l)a"'G-i)/2 

OO 

where 0(a) = H (1 “ Co(u) and Gi(a) are positive numbers independent of 


fc=i 


n. 


On the other hand, since /(x) is entire, by Proposition [3] we have 


.E. 

'^1 ^ '^71 

Hence we get 

\f{aXn)\ = “ 

2 




< 


\aXr, 


n + 1 |xi • • • X; 


) n 

TT 

n , 


a 


(n-l)/2 


n\ 


aXr, 


k=l 


Xk 

Xk 


aXr, 


-0 n 0- 

^ k=n+2 ^ 

OO 

n (i+ 


aXr 


Xk 


k=l 


< ^ + ^ ^^^-3/2gn^n(n+l)/2 


n 


+ 1 nla’^G i)/2 


where <h(a) =11(1 + a“”) and G 2 (a) are positive numbers independent of n. Then 

k=l 

the proof is complete. □ 
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